Abstract. Let (R, m) be a Cohen-Macaulay local ring. If R has a canonical module, then there are some interesting results about duality for this situation.
Introduction
Throughout the paper, R will denote a commutative Noetherian local ring with nonzero identity and maximal ideal m. Unless stated otherwise, the notation will be the same as used in [2] . When discussing the completion of R or a module over R, we will mean the m-adic completion.
The canonical module of a Cohen-Macaulay ring gives a useful technical tool in commutative algebra, algebraic geometry, and singularity theory via various duality theorems. Grothendieck defined the notion of a module of dualizing differentials for a complete local ring and proved some results on local duality for complete local rings and some properties of a module of dualizing differentials, see [7] . In [8] , the theory of canonical modules for a general Noetherian local ring R was studied. We recall the definition of the canonical modules of a Noetherian local ring (R, m) of dimension n. A finitely generated R-module C is called the canonical module of R if C ⊗ RR ∼ = Hom R (H n m (R), E R (R/m)), see [8] . There are many unknowns about canonical modules over general local rings, existence theorems are among those. In [10] , Reiten (and independently Foxby [5] ) proved that a Cohen-Macaulay local ring has a canonical module if and only if it is a homomorphic image of a Gorenstein local ring. Therefore, there exists a Cohen-Macaulay local ring which does not have canonical modules. It is known that any two canonical modules of R are isomorphic. Also, it is known that over a Cohen-Macaulay local ring R, a maximal Cohen-Macaulay module C of type 1 and of finite injective dimension is a canonical module of R.
Section 2 develops a variation of Grothendieck duality, namely duality over a Cohen-Macaulay local ring. Let R be a Cohen-Macaulay local ring and K the canonical module of the completion of R. The R-module K is not finitely generated in general. Many facts that are valid for finitely generated modules are not valid for K. But our achievement in this paper is that, K as an R-module has many properties similar to canonical modules. We do this by applying some results of H.B. Foxby [6] , A.M. Simon [18] and R.Y. Sharp [15] . Simon [18] has established analogies between complete modules and finitely generated ones. The purpose of [15] is to show that balanced big Cohen-Macaulay modules (over an arbitrary local ring R) have many of the properties of maximal Cohen-Macaulay modules. Foxby [6] has established some properties of the depth of finitely generated modules for a non-finitely generated modules. ii) D takes exact sequence of balanced big Cohen-Macaulay R-modules to exact sequence.
One of the main result of this paper is
iii) There exists a natural transformation τ :
The purpose of Section 3 and 4 is to present some characterizations of K. We do this by characterizing the Gorenstein modules overR. Gorenstein R-modules are those finitely generated R-modules for which the Cousin complex for M with respect to M-height filtration provides a minimal injective resolution (see [13] 
iii) M is a big Cohen-Macaulay R-module with respect to a system of parameters for R and M has finite injective dimension. 
where F is a finitely generated freê R-module.
The canonical modules of the completion of a Cohen-Macaulay local ring
We begin this section, by recalling the definitions of the notion of depth, dimension of an R-module M, and balanced big Cohen-Macaulay modules (recall that M is not assumed to be finitely generated).
Definition and Remark 2.1. Let (R, m) be a Noetherian local ring. i) If M is an R-module, we define the dimension of M by
By the height ht M (m) of an R-module M we mean the dimension of the support Supp R (M) of M.
ii) In [6, Section 1], Foxby has established the concept of depth to any R-module M by means of the formula
For a nonzero M which is not finitely generated, it is possible for this depth to be
iii) (See [19, Definition 5.3 .1]) Let M be an R-module with mM = M. Then dp R (M) is defined to be the supremum of the lengths of all M-sequence contained in m. Since R is Noetherian, dp R (M) < ∞. It is well known that if M is nonzero finitely generated, then dp R (M) = depth R (M). iv) Let M be an R-module with mM = M. Then, by ii) and [19, Proposition 5.3.7 (ii)], dp
v) Let a 1 , . . . , a n be a system of parameters (s.o.p.) for R. A (not necessarily finitely generated) R-module M is said to be a big Cohen-Macaulay R-module with respect to a 1 , . . . , a n if a 1 , . . . , a n is an M-sequence, that is if M = (a 1 , . . . , a n )M and, for each i = 1, . . . , n, ((a 1 , . . . , a i−1 )M : a i ) = (a 1 , . . . , a i−1 )M. It will be convenient to use abbreviation b.C.M. for big Cohen-Macaulay.
vi) Let a 1 , . . . , a n be a system of parameters for R and let M be b.C.M. R-module with respect to a 1 , . . . , a n . Then there exists t ∈ N such that m t ⊆ (a 1 , . . . , a n )R and a 1 , . . . , a n is an M-sequence. So, mM = M. Hence, by iv), we have dp
vii) An R-module M is called balanced big Cohen-Macaulay if every system of parameter for R is an M-sequence (see [15, Definition 1.4] ). It will be convenient to use abbreviation b.b.C.M. for balanced big Cohen-Macaulay. In [15, 16] , it is shown that b.b.C.M. modules verify some of the properties of finitely generated Cohen-Macaulay modules. 
Proof. i) The natural R-homomorphism θ : K −→K is an isomorphism. This follows from the fact that m n K = (mR) n K for all n ≥ 0.
ii) Let x 1 , ..., x d be a system of parameters for R and let ψ : R −→R be the natural ring homomorphism. Then ψ(x 1 ), ..., ψ(x d ) is anR-sequence, because R is Cohen-Macaulay. On the other hand, K is a maximal Cohen-MacaulayR-module, and so x 1 , ..., x d is a K-sequence.
iii) This follows from the fact that any injectiveR-module is injective as an Rmodule. Note that the injective dimension ok K as anR-module is finite.
Simon [18] has shown that complete modules behave similar to finitely generated modules in many respects. We summarize some important properties of complete modules from [18] in the following remark.
Remark 2.3. Let (R, m) be a Noetherian local ring, and let M and N be two complete R-modules.
If R has a big Cohen-Macaulay module C and a complete module M of finite injective dimension, then the ring R is Cohen-Macaulay.
To prove Theorem 2.9, we need the following five results.
Lemma 2.4. Let (R, m) be a Noetherian local ring and M an R-module of dimension t ≥ 1 with mM = M (M not necessarily finitely generated). If there exists an
where the first inequality follows from [6 
Thus, the assertion follows.
Proof. i) The proof is same as [2, 3.3.3(b) ], by replacing Nakayama's lemma by Remark 2.3 ii).
ii) We set a = Ann R M. Since R is Cohen-Macaulay, we have
Hence grade R (a) = d − t, and so there exist 
we have m ∈ Ass R (C/(y 1 , y 2 , ..., y d )C). Hence, there is an R-monomorphism ϕ : R/m −→ C/(y 1 , y 2 , ..., y d )C. By viewing M/mM as a nonzero vector space over R/m, we deduce that there is an R-epimorphism ψ :
In view of i), ii) and the fact that injdim R (C) = depth(R) = dim(R), the exact sequence 0 −→ M
So that, by inductive hypothesis, Ext
.., x t is an Nsequence and the dimension of Ext
In the following we state a result without proof, since the proof is same as that of [3, Proposition 21.12] . Proof. i) If ϕ is an epimorphism, then ϕ(N) + xM = M. The assertion follows from Remark 2.3 i). ii) Suppose that ϕ is a monomorphism, and let K = ker ϕ. Then xK = K, by same argument to the proof of [3, Proposition 21.13] 
But, since N is a complete R-module, we have 
Proof. i) By using the Flat Base Change Theorem for local cohomology, we obtain
ii) In view of the Independence Theorem for local cohomology and [1, Theorem 11.2.8], we have
Here the third isomorphism comes from [1, Ex.6.1.9]. So, Hom R (K, K) is complete. Now, we prove this part by induction on d = dim R. When d = 0, R is complete, and so we have the result by [2, Theorem 3.3.4(d)]. Now suppose that d > 0 and the result has been proved for the smaller values. Let x ∈ m be a nonzero-divisor on R. Then the module K/xK is the canonical module ofR/xR. Also, there exists a natural isomorphismR/xR ∼ = (R/xR). Hence, by the inductive hypothesis, we have an R/xR-isomorphism
by the homomorphism taking the class ϕ : K −→ K to the map K/xK −→ K/xK induced by ϕ. Let ψ :R/xR −→ Hom R (K, K)/x Hom R (K, K) be the homomorphism induced by ψ. It is easy to see that θ = f ψ. Hence ψ is an R-isomorphism. The assertion follows from Lemma 2.7. Now, we are ready to prove one of the main results of this paper. ii
then we get an exact sequence
Using Lemma 2.2, Remark 2.3 iv) and Proposition 2.5 i), we obtain Ext
iii) By Proposition 2.8 iii), there is an isomorphism ψ :R −→ Hom R (K, K) which is such that ψ(r) =r id K for anyr ∈R. Also, we know that there is the natural transformation of functors σ : where F 0 and F 1 are finitely generated free R-modules. We consider the following cases: Case 1. ker(f ) = 0, ker(g) = 0. We consider two exact sequences
It is easy to see that ker(f ) and ker(g) are maximal Cohen-Macaulay R-modules. By the above facts, i) and ii), we obtain the following two exact sequences
Therefore, we have the exact sequence
We obtain the following diagram
Now, by using [11, Lemma 3.59], we get that σ F 0 and σ F 1 are isomorphism and therefore τ F 0 and τ F 1 are also isomorphism. So, τ M is an isomorphism. Case 2. Either ker(f ) = 0 or ker(g) = 0. In view of the above argument, it is obvious.
The following example shows that Theorem 2.9 iii) does not hold for b.b.C.M. R-modules. Example 2.10. Let (R, m) be a Gorenstein local ring of dimension zero and F a nonfinitely generated free R-module. Then the canonical module of R is R = E R (R/m) and F is a b.b.C.M. R-module. Suppose that τ F is an isomorphism. This means that F is Matlis reflexive and so by [4, Proposition 1.3], we have an exact sequence
where A is an Artinian R-module and L a finitely generated R-module. Therefore, µ 0 R (m, F ) is finite. This is a contradiction.
The following corollary is a generalization of Theorem 2.9. Proof. We obtain i) and ii) from Lemma 2.2 and Proposition 2.5. iii) For t = d, the assertion follows from Theorem 2.9. By [9, page 140, Lemma 2(i)], we deduce that
. , x t is an Ext
d−t R (M, K)- sequence, ii) Ext i R (M, K) = 0 for all i = d − t
, and iii)if M is finitely generated, then there exists an isomorphism
for an R-sequence x of length d − t which is contained in Ann R (M). Since dim R/xR (M) = t and dim R/xR = t, so M is a maximal Cohen-Macaulay R/xRmodule. The module K/xK is the canonical module ofR/xR. Therefore, by Theorem 2.9 and above isomorphism, there is a natural isomorphism
In view of R/xR ∼ =R/xR ∼ = R/xR ⊗ RR , we obtain the result.
Some characterizations for complete big Cohen-Macaulay modules of finite injective dimension
We need to recall some definitions.
Definition 3.1. Let R be a Noetherian ring and let M be an R-module.
i) The small support, or little support, of M denoted by supp R (M), is defined by
It is clear that supp R (M) ⊆ Supp R (M); if M is finitely generated, then these two sets are equal, but in general this need not be the case. ii) A filtration of Spec(R) [16, 1.1] is a descending sequence F = (F i ) i≥0 of subsets of Spec(R), so that
with the property that, for each i ≥ 0, each member of ∂F i = F i \ F i+1 is a minimal member of F i with respect to inclusion. We say that
Suppose F is a filtration of Spec(R) that admits M. The Cousin complex C(F , M) for M with respect to F has the form 0
The homomorphisms in this complex have the following properties: for m ∈ M and q ∈ ∂F 0 , the component of
in M q is m/1; for n > 0, x ∈ M n−1 and q ∈ ∂F n , the component of
The fact that such a complex can be constructed is explained in [16, 1.3] .
In the following proposition, we obtain some characterizations for complete big Cohen-Macaulay modules. ii) dp
Proposition 3.2. Let (R, m) be a Noetherian local ring and M a nonzero complete
Proof. i) ⇒ ii) This is Definition and Remark 2.1 vi) . We are now ready to state and prove the main result of this section. 
Proof. i) ⇔ ii) This follows from Proposition 3.2. ii) ⇒ iii) Let p ∈ supp R (M). We denote by H(M) p the filtration (F i ) i∈N 0 of Spec(R p ), where F i = { qR p | q ∈ H i and q ⊆ p}. Then, by [12, Theorem 3 .5], we have iii) ⇒ ii) Use the notation
Let n ∈ N 0 and (coker b n−2 ) q be the nonzero direct summand of B n . It is enough to show that (coker b n−2 ) q is injective as an R q -module. Note that every injective R q -module is an injective R-module.
We have ht M (q) = n and q ∈ Supp R M. Hence, by [17, Corollary 2.6], (coker b n−2 ) q is R q -isomorphic to H n qRq (M q ), the n-th local cohomology module of M q with respect to the maximal ideal of the R q . Since H n qRq (M q ) = 0, qR q M q = M q , and so q ∈ supp R M. The minimal injective resolution
induces the following complex
By the assumption, we have µ i R (qR q , M q ) = 0 for i = n. We obtain Γ qRq (E i ) = 0 for every i = n. Therefore, we have
Hence, H n qRq (M q ) is injective as an R q -module. iii) ⇒ iv) The claim follows from the fact that m ∈ supp R (M) (see the proof of Proposition 3.2 vii) ⇒ iii)). iv) ⇒ v) By assumption and Remark 2.3 iii), depth R (M) = dim(R) = injdim R (M). So, the claim follows from Proposition 3.2.
v) ⇒ vi) This is clear. vi) ⇒ vii) This follows from Definition and Remark 2.1 vi).
The assertion follows from Remark 2.3 iv). 
Some characterizations for finite type complete big
Cohen-Macaulay modules of finite injective dimension
In this section, we present some characterizations for a GorensteinR-module M. 
It is clear that M/xM is a b.b.C.M. as an R/xR-module. So, by Definition and Remark 2.1 vi), we have
We can deduce the result from the above facts.
ii) This follows from [9, p. 140, Lemma 2(i)].
Now we are able to prove our main result of this section. 
Proof. i) ⇒ ii) Since M is a complete R-module andM is anR-module, M has anR-module structure. From Remark 2.3 iv) and v), injdim R (M) = depth(R) and R is a Cohen-Macaulay local ring. Also, Proposition 3.2 implies that M is a b.b.C.M. R-module. Hence, by Lemma 4.1,
Therefore, by Matlis decomposition theorem, we get the following R/(x 1 , . . . , ii) ⇒ iii) It is easy to see that M is a complete R-module with respect to m-adic topology. Since M is a GorensteinR-module,R is a Cohen-Macaulay ring by [13, Theorem 3.11] . So R is a Cohen-Macaulay ring.
Let K be the canonical module ofR. AsR-modules, M is isomorphic to ⊕ µ d R (mR,M ) K by [14, Corollary 2.7] . So, the claim (a) follows from Corollary 2.11 ii). We obtain 
